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incident on the cylindrical surface reduces, because more of the ra-
diation is incident on the end-plugged annular disks. But if rt is
reduced at a � xed rs , the percentages of radiation incident on the
cylindrical surface and on the end-plugged annular disks increase,
due to reduction of the obstruction.Hence, from Fig. 4a, Fsi1 ¡ si2 is
seen to go through an optimum with respect to rs / rt , for small val-
ues of d , whereas for larger values of d, it monotonically increases.
This optimum is not observed in Fig. 4b. When rt is � xed as in
Fig. 4a and (rs / rt ) ! 1, rs ! 1, the shell reduces to a � at plate,
and the surfaces si1 and si2 reduce to strips on the � at plate, for
which Fsi1 ¡ si2 D 0 for any value of (L1 C d). However, when rs is
� xed as in Fig. 4b and (rs / rt ) ! 1, rt ! 0 and Fsi1 ¡ si2 reduces to
the view factor between coaxial cylinders of equal radius without
obstruction,derivedanalyticallyby Leuenbergerand Person.4 (This
view factor is indicated by the dashed curve in Fig. 4b.) When rs

is � xed and (rs / rt ) ! 1, the tube completely obstructs the radia-
tion emitted by the shell, and Fsi1 ¡ si2 D 0. When both rs and rt are
not � xed and both (rs , rt ) ! 1, (rs / rt ) ! 1, and the two cylinders
reduce to two � at plates, and again, Fsi1 ¡ si2 D 0. Also, when both
(rs , rt ) ! 0, (rs / rt ) ! 1, and again, Fsi1 ¡ si2 D 0, because the inner
tube completely obstructs the radiation. Hence, when the view fac-
tors are plotted for various rs / rt , the radius that is � xed must be
speci� ed.

The role of the tube in the view factor Fsi1 ¡ si2 is limited to the ra-
diation obstructedby it and not the re� ected radiation.The re� ected
radiation is catered by the irradiation from the tube, and the amount
incident on the shell surface is dictated by the view factor between
tube exterior and shell interior surface elements, discussed by Tso
and Mahulikar.9

Conclusion
The view factors for the three cases of shell interior surface seg-

ments are obtained analytically [Eqs. (4), (7), and (9)], and the an-
alytical results agree well with the available reported numerical
results. The results for the three cases can also be expressed by a
single equation [Eq. (10)]. The analytical solutions are used to gen-
erate view factors for various radius ratios, which provide an insight
into the complex nature of this view factor. The results generated
for different radius ratios, keeping the tube and shell radius � xed
separately, indicatedifferences,which implies that the radius that is
� xed must also be speci� ed.
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Nomenclature
C = l T1/ l 1 T , Chapman–Rubesin parameter
C f = 2t w / q 1U 2

1, skin friction coef� cient
C p = speci� c heat of the mixture
g = net gas-phase reaction function (see Appendix)
H = partial total enthalpy, C pT C u2/ 2
h D = dissociation energy per unit mass
Oh D = b 1/ 4h D / P1/ 3

R (HADIAB ¡ Hw)C1/ 8
REF k 3/ 4(Tw / T1)1/ 2

IR = reaction rate integral (see Appendix)
K H = ( c C 1) k 1/ 2 M 2

1CREF
1/ 4 e 2/ 4b 1/ 2

Kw = catalytic wall recombination velocity
L = reference length (see Fig. 1)
M = Mach number
PR = Prandtl number
p = static pressure
qD = diffusive heat transfer; Eq. (24)
qw = wall heat transfer rate
Ru , Rm = universal and molecular gas constants, respectively
ReL = q 1U1 L/ l 1, Reynolds number ´ e ¡8

Sc = Schmidt number
se = total streamline slope along the boundary-layer

edge; Eq. (18)
T = absolute static temperature
OT = b 1/ 4(T ¡ Tw)/ P1/ 3

R (TADIAB ¡
Tw) e P1/ 3

R C1/ 8
REF k 3/ 4(Tw / T1)1/ 2

Tt = Ho1 / Cp, freestream total temperature
U1 = freestream velocity at edge of incoming

boundary layer
u, v = velocity components in x , y directions, respectively
x , y = streamwise and normal coordinates, respectively
a = atom mass fraction
b = (M 2

1 ¡ 1)1/ 2

C c = catalytic surface Damköhler number (see Appendix)
C G , OC G = gas-phase Damköhler numbers (see Appendix)
QC iw = C1/ 8

REF k 1/ 4(Tw / T1)1/ 2 S1/ 3
c a e0 C c0/ b 1/ 4(1 C C c0)

c = speci� c heat ratio for frozen � ow
d ¤ = displacement thickness variable
H = � ow de� ection angle
k = 0.332 (Blasius solution constant)
k T = P1/ 3

R (TADIAB ¡ Tw)(1 C C c0)/ S1/ 3
c a e0 (1 ¡ C G IR) C c0

l = coef� cient of viscosity
q = density
t w = wall shear stress
x = viscosity temperature-dependence exponent

(l » T x )

Subscripts

ADIAB = adiabatic wall conditions
B = body surface
e = local inviscid � ow conditions at boundary-layeredge
i.s. = incipient separation
REF = based on reference temperature
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w = wall surface conditions
0 = undisturbed boundary layer ahead of interaction zone
1 = freestream conditions

Superscript

(O) = nondimensionalvariables from triple-deck theory;
Eqs. (4–13)

I. Introduction

I NTERACTIONS between oblique shock waves and boundary
layers must be understood to predict the performance of aero-

dynamic devices such as � aps, spoilers, and inlets. These involve a
strong viscous–inviscid interaction � ow with a large local adverse
pressure gradient that often provokes boundary-layerseparation. A
knowledge of the corresponding heat transfer disturbances in such
interaction zones is also of interest because of their importance in
the aerothermodynamicdesign of cooled hypersonic � ight vehicles
and because such heat transfer is itself an important diagnostic in
understanding the interactive � ow and its separation.

The slight in� uence of dissociationand surface catalysison pres-
sure and skin friction within a laminar boundary-layer/shock inter-
action has been studied numerically.1 However, the reverse prob-
lem of how shock interaction affects the heat transfer in such
nonequilibrium-dissociated � ows is more interesting. Because this
problem arises for either impinging shocks within hypersonic in-
lets or control surface-generated shocks on aerodynamic vehicles,
it is addressed here from a fundamental analytical rather than nu-
merical viewpoint. The approach used is a � rst-order asymptotic
analysis based on a triple-deck model, generalized to include a
nonequilibrium-dissociated gas phase and an arbitrary degree of
surface atom catalysis at nonadiabaticwall temperatures.

II. Formulation of the Analysis
We consider a two-dimensional steady laminar � ow of a binary

atom–molecule dissociatedgas mixture with equal speci� c heats in
the local interaction region associated with a compression corner
(Fig. 1); the companion impinging shock problem follows similar
lines.2 Large-scaleglobalviscous–inviscid interactioneffects or up-
stream nose bluntness effects are neglected. The disturbance-�ow
physicswithinsucha short-rangedviscous–inviscidinteractionzone
may then be organized into three distinct decks when the Reynolds
number is high (see Fig. 1): an outer layer external to the bound-
ary layer, consisting of inviscid disturbance � ow associated with
the viscous displacement effect of the underlying decks; a middle
layer containing a rotational particle-isentropic nonadiabatic dis-
turbance � ow dependent on the boundary-layer pro� le; and a thin
inner deck of nonadiabatic viscous disturbance � ow within the lin-
ear portion of this pro� le that is interactivelycoupled with the local
pressure � eld. In terms of the basic small perturbation parameter
e ´ Re¡1/ 8

L , these decks have thicknesses of the order of e 3L , e 4 L,
and e 5 L , respectively, along a streamwise interaction zone length
of the order of e 3 L. The triple-deck theory is used in its leading
high-Reynolds-number approximation (e ! 0), recast into a form
suited to nonadiabatic � ows by means of the reference-temperature

Fig. 1 Schematicof the interactionzone triple-deck structure for small
" = Re ¡ 1/8

L .

concept combined with total enthalpy formulation of the energy
equation.3 We also adopt the pressure–de� ection angle relation-
ship given by the tangent wedge approximation,which is known to
be accurate throughout the combined supersonic–hypersonic � ow
regimes. Assuming that l » T x , the Eckert reference-temperature-
based expressions for the incoming boundary-layer properties of
wall shear stress, heat transfer, and atom mass diffusion are

dU0
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w
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Á
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where C c0 is the usual � at plate Damköhler number for arbitrary
� rst-order surface catalytic recombination, and the term C G IR (see
Appendix) accounts for any nonequilibrium gas-phase reaction in
the upstream boundary layer.4

Now introduce the following nondimensional rescaled triple-
deck variables Ox , Oy, Ou, Ov, Op, OH , Oh , Od for streamwise and normal
distance, streamwise and normal velocity, pressure perturbation,
total enthalpy,de� ectionangle, and displacementthickness, respec-
tively3,5:

Ox ´ (x / L) k
5
4 b

3
4

.
e 3C

3
8

REF(TREF/ T1)
3
2 (Tw / TREF) x C 1
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.
e 5C
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8
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3
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Further add the comparable partial total enthalpy (excluding disso-
ciation energy contribution) and atom mass fraction variables:

H D C pT C U 2/ 2 (12)

Oa D b
1
4 a

.
S

1
3

c a e0 C c0(1 ¡ C G IR)(1 C C c0)¡1 e C
1
8

REF k
1
4 (Tw / T1)

1
2

(13)

Then, in the leading asymptotic approximation e ! 0, it is found af-
ter detailed analysis that the mass, momentum, energy, and species
conservation equations for the combined three decks take the fol-
lowing form:

¶ Ou
¶ Ox

C
¶ Ov
¶ Oy

D 0 (14)

Ou
¶ Ou
¶ Ox

C Ov
¶ Ov
¶ Oy

C d Op
d Ox

D
¶ 2 Ou
¶ Oy2

(15)
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Ou
¶ OH
¶ Ox

C Ov
¶ OH
¶ Oy

D P¡1
R

¶ 2 OH
¶ Oy2

C e 2 OhD
OC G ga 0 ( Oa ¡ Oy) C k T gT0 ( OT ¡ Oy) (16)

Ou
¶ Oa
¶ Ox

C Ov
¶ Oa
¶ Oy

D S¡1
c

¶ 2 Oa
¶ Oy2

¡ e 2 OC G g a 0 ( Oa ¡ Oy) C k T gT0 ( OT ¡ Oy2)

(17)

Op D Ose 1 C (K H Ose)2 C K H Ose with Ose ´ d

d Ox
OyB C Od ¤

(18)

where OT is the rescaled temperature variable and negligibly small
transport terms proportional to 1 ¡ PR and (1 ¡ PR / Sc) have been
neglected on the right-hand side of energy equation (16). Several
terms pertaining to ultracold wall effects have also been omitted in
Eqs. (15) and (18) owing to their insigni� cance for practical � ow
conditions.3 The foregoing equations are to be solved subject to the
inner–outer matching conditions that

Ou( Ox , Oy ! 1) D Oy ¡ OyB ¡ Od ¤ (19)

OH ( Ox , Oy ! 1) D Oy ¡ OyB ¡ Od ¤

C
e 3 OhD

OC G

( e Oy)
g a 0 C k T gT0

Z Ox

¡1
OyB C Od ¤ d Ox (20)

Oa ( Ox , Oy ! 1) D Oy ¡ OyB ¡ Od ¤

¡
e 3 OC G

( e Oy)
g a 0 C k T gT0

Z x3

¡1
OyB C Od ¤ d Ox (21)

while on the impermeable wall ( OyB D 0 for Ox < 0, OyB D Oh B Ox for
Ox ¸ 0) of arbitrary temperature and � rst-order catalycity we have
the boundary conditions Ou D Ov D OH D 0 plus

¶ Oa
¶ Oy ( Ox, 0) D OC iw a ( Ox , 0) (22)

where OC iw is a new interactivecatalytic Damköhler number propor-
tional to C c0 that contains an additional y-scaling factor associated
with the inner deck.

An important conclusionregarding the in� uence of gas-phasere-
action can now be drawn by direct inspectionof the foregoingequa-
tions.Thus Eqs. (16) and (17) show that, unless this recombination–
dissociation reaction is very close to equilibrium ( OC G À 1), its rel-
ative effect even on the slow inner deck � ow near the wall is of the
order of e 2 compared with the effects of convection and diffusion
and thus may be neglected for the purposes of a � rst-order triple-
deck analysis. In fact, examinationof the outer matching conditions
with the middle deck, where e Oy is of the order of unity [Eqs. (20)
and (21)], shows that the relative gas-phase reaction effect in the
upper part of the triple-deckstructure is of the order of e 3 and hence
even smaller. Physically, the foregoing imply that, owing to the
very short streamwise scale of a typical shock interaction zone, we
may in effect regardany � nite-rategas-phasereactionas chemically
frozen across the entire triple-deck structure along the zone. Note,
however, that the in� uence at the chemical history upstream of the
interaction, however arbitrary, can be readily accommodated in the
theory by means of Eqs. (3), (13), and (22).

III. Solution Results and Discussion
The foregoing universal split-boundary-value problems for

Eqs. (14–16) and (18), which are uncoupled from the atom species
problem,have in fact been widely investigatedboth analyticallyand
numerically6 over the range of wedge angles 0 · Oh B · 1.57 pertain-
ing to unseparated� ow; a typicalexampleof the resultinginteractive
pressuredistributionis shown in Fig. 2a. The attendantatom species

a)

b)

Fig. 2 Typical interaction effect on local diffusional heat transfer vs
˜̃̃̃C iw for Ãµ = 1:57.

problemde� nedby Eqs. (17), (20), and (21) is, however,newand has
notbeen studied.Althougha numericalsolutionof it couldof course
be done, it was chosen instead for the present purposes to provide
an approximate analytical solution to bring out the essential effects
of � nite surface catalycity on the local interaction zone heating.

To do this, we consider the special case of PR D Sc D 1 (this
has long been known to capture the main essentials of hypersonic-
reacting viscous-�ow heating6). Differentiate Eq. (15) with respect
to Oy so as to eliminate Op and then use continuity equation (14) to
obtain the interactivevorticity equation

Ou
¶

¶ Ox
C Ov

¶
¶ Oy

¡
¶ 2

¶ Oy2

¶ Ou
¶ Oy

D 0 (23)

subject to the outer condition that ¶ Ou/ ¶ Oy( Ox , Oy ! 1) D 1. Then,
with PR D Sc D 1, a comparison of Eqs. (16), (17), and (22)
shows that Oa obeys a kind of interactive Crocco relationship in
which it is a linear combination of ¶ Ou/ ¶ Oy and QH of the form
Oa D C1CC2( ¶ Ou/ ¶ Oy)CC3

OH , whereC1 , C2 , andC3 are arbitrarycon-
stants. Then the outer matching conditions require that C1 D 1 and
C3 D ¡C2 , whereas the wall compatibility condition from Eq. (15)
requires that ¶ 2 Ou/ ¶ Oy2(x , 0) D d Op/ ¶ Ox plus the wall boundarycondi-
tion OH ( Ox , 0) D 0 yield in connection with Eq. (21) the value

C2 D ¡
¶ OH
¶ Oy

w

,
d Op
dx

w

C OC iw 1 ¡
¶ Ou
¶ Oy

w

where the various wall values here are all known from the existing
solutions mentioned earlier. We especially note that these values
each vanish at exactly the same (exponential) streamwise rate in
the upstream in� uence region, whereas they approximately do so
algebraically downstream of the wedge corner; consequently, C2

can be taken as essentially a known constant along the interaction.
Differentiating the Oa solution mentioned earlier with respect to Oy
and substituting these constants, we � nd that the � nal result for
the atom diffusion � ux into the wall (to which the local diffusional
heating is proportional) is

¶ Oa
¶ y

w

D
˜̃C iw

1 C ˜̃C iw

¶ OH
¶ y

w

(24)

where ˜̃C iw ´ OC iw [1 ¡ ( ¶ Ou/ ¶ Oy)w)]/ (d Op/ ¶ Ox) is yet another effective
interactivecatalyticDamköhler number that weaklyvariesalong the
interaction.Clearly,Eq. (24) enables the direct use of alreadyknown
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nonreacting� ow values of the wall enthalpygradient4 (which is de-
� ned so as to equalunity far upstream) to assessthe in� uenceof arbi-
trary degreesof � nite surface catalycity ranging from fully catalytic
( ˜̃C iw ! 1) to completely noncatalytic( ˜̃C iw ! 0). Equation (24)
also implies that the diffusive heat � ux, like the conductive heat-
ing, is proportional to the local interactive wall enthalpy gradient
and hence is reduced by the local interactive pressure rise.4 Theo-
retical results for the typical shock-impingementeffect on the local
relative diffusional heating are shown in Fig. 2b as functions of
typical values for ˜̃C iw . It is seen that the maximum effect, which
reduces heating to a minimum at the shock foot, occurs for a fully
catalytic wall ( ˜̃C iw D 1), whereas there is no response at all on a
completelynoncatalyticwall ( ˜̃C iw D 0). Intermediatedegreesof cat-
alytic effect pertain to the range of values 0.01 · ˜̃C iw · 10.0. When
assessing effects on the absolute local diffusive � ux, one must of
course take into account that the upstream value is also in� uenced
by the surface catalycity.

IV. Conclusion
Althoughthere appear to be no data on nonequilibriumheat trans-

fer in dissociated-�ow interactionzones that could be used to verify
the foregoing theory, the prediction of Eq. (24) that the local diffu-
sive heating be proportional to the corresponding conduction heat
transfer has been qualitatively checked against the local heat trans-
fer distributions measured by Needham7 in a Mach 9.7 interacting
corner � ow.8

Appendix: Details of the Specie Conservation Equation
The atom specie conservation equation governing the non-

equilibrium-dissociated � ow in a laminar boundary layer is9

q u
¶ a

¶ x
C v

¶ a

¶ y
¡

¶
¶ y

l

Sc

¶ a

dy
D ¡2 q j 0

R T x ¡ 2 pe

Ru

2

g( a , T )

(A1)

where j 0
R is the recombination rate constant and g( a , T ) is the net

reaction rate function:

g( a , T ) D
a 2

1 C a
¡

a 2
e (1 ¡ a )

1 ¡ a 2
e

exp ¡
h D

Rm T
1 ¡

T

Te

(A2)

When the lengths and the velocities in Eq. (A1) are normalized by
L and U1 , respectively,the resultingnondimensionalreaction term
on the right-handside takes the form q C G (T / Te)

x ¡2g( a , T ), where

C G ´ 2 j 0
R T x ¡ 2

e L( pe / Ru )2
.

U1 (A3)

is the characteristic convection time to reaction time ratio or homo-
geneous Damköhler number. The limit C G ! 0 thus pertains to a
chemically frozen � ow, whereas the opposite limit C G ! 1 with
g ! 0 pertains to locally chemical equilibrium � ow. We note that,
for � nite nonequilibriumreactions, the variation of g due to small
perturbations in a and T about some reference state a 0 , T0 can be
expressed by the Taylor series expansion

g D g0( a 0 , T0) C g a 0 ¢ ( a ¡ a 0) C gT0 ¢ (T ¡ T0) C ¢ ¢ ¢ (A4)

where g a 0 ´ ( ¶ g/ ¶ a )0 and gT0 ´ ( ¶ g/ ¶ T )0. This was in fact used
in obtaining Eqs. (16), (17), (20), and (21) of the text, in which
the modi� ed interactive Damköhler number (proportional to C G ),
de� ned by

OC G ´
C

1
4

REF(TREF/ T1)1 ¡ x

b
1
2 k

3
2

¢ C G (A5)

was introduced.If the referencestate is the incomingboundarylayer
upstream of the shock boundary-layer interaction zone, which is
usuallylocallysimilar to a goodapproximation,it canbe shown5 that
the solution of Eq. (A1) for the properties at an arbitrarily catalytic
surface gives the result cited in Eq. (3), where

C c0 D S
2
3

c ( j w / U1) 2ReL / CREF/ k (A6)

is the characteristic diffusion time to surface recombination time
ratio or heterogeneous Damköhler number, and IR in Eq. (3) is a
gas-phasereactionrate integralof the functiong acrosstheboundary
layer given in Ref. 4.
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Nomenclature
b = permeability slip parameter, Pa
D = sample diameter, m
K = effective permeability,m2

K0 = continuum � ow permeability, m2

L = length, m
M = molar mass, kg-mol¡1

Pm = mass � ow rate, kg-s¡1

P = pressure, Pa
Pav = average pressure across sample, Pa
R = universal gas constant, J-mol¡1-K¡1

T = temperature, K
D P = pressure difference across sample, Pa
l = viscosity, Pa-s
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